Some properties of a class of harmonic multivalent functions defined by an integral operator are introduced, like, coefficient estimates, distortion property, extreme points, inclusion results and closure under an integral operator for this class are obtained.
Introduction
Let and are real harmonic functions in the simply connected domain , then the continuous functions , defined in is said to be harmonic in
In any simply connected domain , we can write , where and are analytic in . We call the analytic part and the co-analytic part of . A necessary and sufficient condition for to be locally univalent and sense preserving in is that | ( )| | ( )| ( see Clunie and Sheil-Small [1] , see also [2] ).
Denote by the class of functions that are harmonic univalent and sense-preserving in the open unit disc * | | + where and are analytic in and is normalized by ( ) ( ) ( ) The class ( ) ( * +), consisting of all -valent harmonic functions ̅ that are sense-preserving in was defined by Ahuja and Jahangiri [3] , where and are of the form
It may be worth nothing that, when the class ( ) was defined and studied by Jahangiri et al. [4] . In (1985) Salagean [5] introduced an integral operator and in (2009) Cot rl ̌ [6] introduced it in a slightly modified from as below 
Main Results
In our first theorem, we give the sufficient coefficient condition for harmonic functions belonging to the class ( ) Theorem 2.1:
Proof.
Denote . / by through in this proof . To prove that ( ) by the condition (3), we only need to show that if (5) holds, then
by (5), which implies that ( ) The harmonic multivalent function
where n and ∑ ∑ shows that the coefficient bound given by (5) is sharp. The functions of the form (7) are in the class ( ), because
Now, we show that the condition (5) is also necessary for the function to belong to ( ), where and are given by (4) .
Denote . / by through in this proof. Since ( ) ( ) we need only to prove the " only if " of the theorem. For functions of the form (4), we notice that the condition
Now, the last inequality (9) must hold for all values of in Choosing the value of on the positive real axis where we have for every
We notice that the expression in (10) is negative for sufficiently close to 1, when the condition (8) does not hold. Hence there exist in ( ) for which the quotient in (10) is negative. This contradicts the required condition for ( )
Extreme Points and Distortion Bounds.
Here, we consider the extreme points of closed convex hull of ( ), denoted by ( ) and we obtain the distortion bounds for functions in ( )
∑ ∑
In particular, the extreme points of
On the other hand
Proof. We prove the right hand side from (11) for | |. The proof of inequality (12) is similar. Let ( ). Taking the absolute value of , therefore by Theorem (2.2) , we obtain :
Convolution Property and Convex Combination of the Class ( )
Here, we want to prove two theorems, the first theorem about convolution for the class ( ) and in the second theorem, we prove that the class ( ) is closed under convex combination.
The convolution of two harmonic functions
Using this definition, we show that the class ( ) is closed under convolution.
Theorem 4.1:
For , let ( ) and ( ).
) . Then the convolution is given by (15), we want to show that the coefficients of satisfies the required condition given in Theorem (2.2). For ( ), we note that and Now consider convolution functions as follows: 
Now , by using the inequality (16), we obtain
∑ Next, we introduce the last theorem in this paper of the class ( ) under the generalized BernardiLibera-Livingston integral operator (see [9] and [10]) ( ) can be defined as
From definition of ( ( )) given by (17), it follows that 
